Creating surfaces with intricate small-scale features (microgeometry) 
Introduction
Generating complex surface textures with powerful and efficient techniques is an important problem in computer graphics. To solve this problem procedural modeling techniques, as well as procedural texture mapping methods, have been developed to increase the visual complexity of geometric models and computer graphics scenes. Ideally these techniques produce geometric models with intricate and realistic surface features with a concise representation and a minimum of user input, while also providing a user with flexible tools for adjusting low-level parameters that may be used to fine-tune a desired result. We describe a geometry processing method based on techniques from the field of stochastic geometry that addresses these issues and offers an approach to creating a wide variety of complex, realistically-appearing geometric models. The method produces detailed small-scale features on triangle meshes by reconstructing stochastic feature distributions on the meshes in order to define offset values for displacement maps. Given stochastic functions and statistical information that characterize and describe complex 2D patterns, the offset values are assigned to the individual vertices of the mesh, producing stochastic microgeometry on the model's surface. * e-mail: {cas43,david,cera,regli}@cs.drexel.edu
The technique is useful for producing many different kinds of irregular surface detail with a single mathematically-and physically-sound computational approach; thus providing a powerful model processing tool for transforming smooth, "ideal" geometric models into convincing representations of natural or hand-made objects. See Figure 1 . For example, smooth objects can be made to appear to be formed from clay, or chiseled from stone. Since the method is based on reconstruction of a statistical distribution, it may be used to create large numbers of different, but statistically and visually similar models. This allows for the automated construction of whole families of complex objects that share a common visual characteristic, but individually are quite different. This may be useful when populating a scene with numerous objects that are of the same type, while each object is still unique; for example when creating models of a gravel walk, a cinder-block wall, a coral reef, a tray of prehistoric stone implements, or a candy counter.
The statistical properties of the microgeometry can be produced from several sources. For instance they may be derived from scanning real materials [19, 34] . Alternatively the distributions and parameters that characterize these patterns may be computationally generated or interactively defined. We have created three tools that allow a user to design stochastic microgeometries. Similar to Sim's image generation technique [36] and the Design Galleries concept [22] , we are able to randomly sample the parameter space that defines the resulting surface structures. For each random point in the parameter space a specific reconstruction is produced for a given model. If the exact desired displacement map is not produced and further fine-tuning is required, an interactive environment is available for adjusting the model and algorithm parameters. Finally, feature distributions may be produced by analyzing images of textured surfaces.
We demonstrate the effectiveness of our technique by creating diverse, complex surface structures for a variety of geometric models, e.g. arrowheads, candy bars, busts, planets and coral. Additionally, descriptions of our tools with representative results are presented. Once a desired displacement map is defined, it is used to randomly process a single model to produce numerous instantiations of the stochastic distribution. The stochastic displacement map may then be applied to any triangle mesh. 
Related Work
Procedural texture mapping is a common technique for computationally adding complexity to simple geometric models [13] . Most of these techniques combine noise functions and/or simulations to produce varied and realistic texture maps for surfaces [6, 14, 16, 38, 42, 43] and volumes [28, 29] . Others take similar approaches, such as the statistical learning technique of [3] . Other less general approaches have been proposed for specific modeling tasks, e.g. modeling stone facades [24] , stone solid textures [19] and flow patterns [11] . Texture values may also be utilized to define offsets from the surface to produce displacement maps [8, 40] . Additionally, computational techniques have been used to tile complex models with image fragments [26, 39, 41, 45] and geometric surface textures [5] .
Another related field of study is stochastic procedural modeling [12, 15, 21, 25, 27, 30] . Here stochastic techniques are used to place particle systems, subdivide surfaces and define 3D density functions. Our work differs from all the previous examples in that it brings a new mathematical modeling construct (stochastic geometry) to computer graphics and geometry processing. Reconstruction and texture mapping algorithms based on stochastic geometry provide a general and powerful approach for generating varied and intricate 2D (the work described here) and 3D [34] structures with well-defined and consistent statistical properties; thus providing a superior method for adding naturally-appearing details to smooth "ideal" geometric models.
Stochastic techniques are being widely investigated for other purposes, such as improving rendering performance [20] and reproducing characteristics of one-dimensional curves [17] .
Stochastic Geometry

Stochastic geometry
1 is the study of the random processes that produce geometric structures and spatial patterns. It focuses on analyzing and understanding the con-nections between geometry and probability in order to describe and characterize geometric small-scale features and large-scale spatial events [4, 37] . It has been used to analyze the porosity of materials like sandstone [18, 44] , the spatial arrangement of particle strikes on a detector in order to detect bias or skew [37] , the microstructure of biological materials [33, 34] , fracture patterns in rock [2] , vegetation distribution [10] , human settlement patterns [7] , and even bomb coverage patterns [31, 32] . For all these applications, stochastic geometry provides a rich and concise representation for complex structures and a mathematical framework for computing and analyzing aggregate statistical geometric properties. Stochastic geometry is supported by a number of key concepts.
The Stochastic Point Process
Definition A point process is the family of all sequences of points satisfying two special conditions: (1) the sequence is locally finite; Each bounded subset must contain a finite number of points, and (2) the sequence is simple, i.e. it contains no duplicates. These sequences can in general be considered as a random set, when order is not important. The term point process is introduced to aid in defining a contact distribution.
Stationarity and Isotropy A stationary point process is one whose properties are invariant under translation. An isotropic point process is one whose properties are invariant under rotation. A motion invariant point process is one that is both stationary and isotropic.
Contact Distributions
The contact distribution function H B (r) is defined as the probability that rB does not intersect Φ, where r is a nonnegative scalar and B is a convex compact set. H B may be expressed as
where # Φ (Λ) is the number of items from point process Φ that are included in set Λ, and P (Q) is the probability of event Q. If we let B be the unit disk, we are left with the radial contact distribution (or hitting distribution). The distribution H B (r) gives the probability that a disk B of radius r can be randomly placed inside the object without intersecting (contacting) the object. In general, there are many choices for B. If B were a cube centered at the origin, the distribution would describe the likelihood that a non-intersecting cube of a given size would fit at a point (without changing its orientation). B can generalized to star-shaped sets in place of the convex requirement.
Radial Contact Distribution
The radial contact distribution attempts to characterize the microstructure of an object by analyzing the distances associated with points outside of an object's boundary (porous region). Additional useful information is obtained by supplementing this with a second distribution that considers points inside of an object's boundary (solid region) in the same manner. In our 2D work the boundary defines an interface between two regions on the surface of the processed meshes, with each region containing a different displacement sub-map.
We model microstructures on the mesh with two distributions; one specifies the likelihood that points in the negative (porous) region are a certain distance from the positive (solid) region, and the other specifies the likelihood that points in the positive region are a certain distance from the negative region. The measured distances are not Euclidian; they are geodesic and are calculated over the surface of the mesh. See Section 4.2 for more detail. Our variation of the radial contact distribution is illustrated in Figure 6 .
Stochastic Reconstruction
Stochastic displacement mapping begins with the definition of the two distributions for the positive and negative regions and the triangle mesh to be processed. The general strategy involves assigning a distance value to each triangle in the mesh, where the value corresponds to the minimum distance to the positive/negative boundary and is consistent with a given radial contact distribution. The total number of triangles in the mesh and the distributions are used to create a histogram, where each bin represents the number of triangles that should be assigned a distance value in a particular interval. As we assign distance values to triangles compatible with the constraints of the measure, we decrement the appropriate bin in the histogram. Once this process is completed, offset values for the vertices are computed by averaging the distance values of the surrounding triangles. The average value is then used to displace the vertex in the direction of the local surface normal.
Stochastic Function
The microgeometry stochastic function is a variation of the radial contact distribution for complex surfaces. The function captures information regarding the distance from random points on a surface to the nearest region boundary. In the context of a porous object, the distribution gives the probability that a random point is a distance R from the pore/material interface. This information is stored in the form of two distributions as shown in Figure 8 . In our prior work we used this information to describe the geometric properties of a porous 3D object [33, 34] . In the work described here, the distinction between pore and material is not germane. We simply define two regions with different displacement maps on a triangle mesh. As such, the use of pore and material to describe the two types of regions is abandoned. The two regions are identified by the sign of their associated distances.
Geodesic Distance
We measure distance over the surface of a triangle mesh with an approximation of the geodesic distance. Consider the dual of the mesh, where nodes are located at the centroids of triangles. Given two triangles, we compute the distance between them as the shortest path between the corresponding nodes along the dual graph. The measure is computed incrementally and is thus efficiently obtained [9] .
Preparing the Distributions
The two contact distributions may be derived from real materials, randomly generated, or interactively defined by a user. The two initial distributions, which are at first defined only for non-negative distance values, are combined into a single distribution over all real numbers. One distribution remains defined for positive real numbers, and the other distribution is reflected into the negative real numbers. The frequency value for each interval (bin) in the distribution is calculated by multiplying the total number of triangles by the average probability, given by the distribution, over the interval. The transformation of two distributions into a single histogram is outlined in Figure 9 . Creating a single histogram simplifies the reconstruction algorithm and its implementation, by allowing two microstructure regions to be defined with a single set of frequency values.
Processing a Triangle Mesh
Stochastic geometry reconstruction is the process that takes a contact distribution and generates a specific model with structures statistically consistent with the distribution. For stochastic displacement mapping this process involves removing distance values from the bins of the histogram and assigning them to triangles in a mesh based on a geodesic contact distribution.
Since our approach creates surface detail with microgeometry, it is sometimes necessary to first remesh and/or subdivide an input model [1] before the reconstruction step in order to produce a surface with minute, high-resolution facets. Because the reconstruction technique works at the triangle level, it is necessary to split triangles until the mesh is fine enough to obtain the desired level of detail and avoid aliasing. It is important to choose a triangulation method that produces reasonable aspect ratio triangles, since high aspect ratios could lead to undesirable artifacts. Although a uniformly high-resolution mesh is best suited to this technique, it may be desirable to adaptively reduce the resolution of the final processed mesh based on the characteristics of the microgeometry [35] .
Reconstruction We begin by identifying the bins in the histogram that have the highest absolute value. Processing begins from the outside (highest absolute value) of the histogram and terminates after the zero bin has been considered. Each iteration of the algorithm assigns values from a bin until it is empty or cannot be processed further due to the constraints described below. From our experience processing from high to low absolute values creates a more structured, efficient and less random result. The choice of direction is not arbitrary, but rather is related to the bin packing nature of the problem [23] .
The assignment of these values has a geometric interpretation, and with this interpretation comes a constraint. If a triangle has been assigned the value x (which implies that the triangle is a distance x from the region boundary), another triangle located at a distance m away must be assigned a value in the range [x − m, x + m]. Here, distances are computed between the centroids of triangles along the surface of the mesh. For example, if a triangle has been assigned the value 5.0, a triangle that is 0.4 units away, must be assigned a value in the range [4.6, 5.4 ]. This constraint is global and applies to any pair of triangles. However, the constraint has little effect on triangles that are widely separated.
Each iteration of the algorithm consists of two steps. First, triangles that are constrained to have a value that falls within the interval of the current bin are identified. Values are calculated for these triangles based on the distance to the nearest assigned triangle. A range of acceptable values is maintained for each unassigned triangle.
For example, if the range of a triangle is [2.3, 5.7] and bins 3-5 are empty, the triangle must be assigned a label from bin 2. It will receive the label 2.3, the most extreme value it may be given. Note that the range of any particular triangle gives the range of labels that may be assigned to that triangle without violating any distance constraint.
When a label is assigned, the constraint is propagated outwards and the ranges are adjusted if necessary. This would normally require that every triangle be checked to see if it must have its range updated. Because the measure is geodesic, it can be computed incrementally in increasing order. In this way, the propagation can be terminated when the distance is large enough that it can no longer have an impact. More specifically, one can stop when the values assigned plus or minus the current distance both lie outside of the range of any triangle.
The next step distributes the remaining labels from the current bin randomly in a way that does not violate any constraints. If bin 4 is being processed, the value 4.0 (though any value between 4.0 and 5.0 would work) is assigned to random triangles if 4.0 is in the acceptable range for that triangle and the triangle isn't already labeled. If no triangles meet these criteria, the bin is considered finished and the next bin is processed. The algorithm terminates when all bins have been processed. The reconstruction algorithm is illustrated in Figure 5 . Note that it is this seeding process that ultimately determines the location and distribution of most of the larger positive and negative regions.
Dealing With Error Our reconstruction algorithm is effectively a form of bin packing [23] , which cannot in general be accomplished in polynomial time without some error. In most cases the algorithm is unable to assign all values in the histogram to triangles. This leaves a certain number of triangles without an offset value (typically about 5% to 10%). These triangles are then assigned a value which is an average of neighboring values and is consistent with the distance constraints, regardless of the values remaining in the histogram. This heuristic guarantees that an output can be generated for any input, and that the output will not violate the distance constraint. However, this will degrade the statistical properties of the resulting structure.
Displacement Mapping
Once the triangles of the mesh are labeled with signed distance values, values for vertices are calculated by averaging the values of adjacent triangles. The user is then offered a variety of options and parameters for mapping vertex values into offset values, which may be independently chosen for each region. These choices give the user freedom to finely adjust the look and feel of the processed model and provide a powerful approach to generating a wide variety of surface detail.
First, the direction of the offset is specified. The vertices may be offset outward, inward or left untouched. The parameter s in {−1, 1, 0} specifies the sign of the offset value, with 1 signifying an outward offset, −1 inward, and 0 no change. Second, a scale factor k that determines the magnitude of the offset is available. Finally, we have two functions f − (x) and f + (x) that map the value x into a displacement amount f − (|x|) for vertices in the negative region or f + (|x|) for vertices in the positive region. A vertex is in the positive region if the value for that vertex is positive, and similarly for negative. The final offset distance is skf − (|x|) or skf + (|x|). We initially utilize the functions {x, √ x} as choices for f − (x) and f + (x) to generate our examples, though other functions could be used. (The latter was chosen for its smoothing effect; it causes ridges and crevices to be more rounded). Once the parameters/options are specified, the model's vertices are offset in the direction of the local surface normal n. An additional parameter u defines the ratio of the units of the distribution with the units of the geometric model, and controls the spatial frequency of the surface structures.
User Tools
A geometry processing technique that does not offer a user effective handles for controlling the resulting output has limited usefulness and value. We therefore developed three strategies for designing displacement maps based on stochastic microgeometry. The first strategy employs random sampling of the parameter space of the contact distributions and the algorithm input values. Similar to Sim's image generation technique [36] and the Design Galleries concept [22] , a user is able to quickly view the results produced by a large number of parameter combinations. Once an interesting set of approximate parameter values are found the second strategy allows the user to interactively modify those parameters to create the final desired effect. Finally, contact distributions may be computationally generated by analyzing images of textured surfaces.
Parameter Space Exploration
The first tool is implemented with a set of scripts that can be used to explore the parameter space. These scripts allow the user to specify a subset of the entire parameter space and the number of test results to be generated for a given triangle mesh. The scripts randomly sample the selected subset and generate a large number of processed models. The models are rendered and presented on a web page for rapid viewing, along with the parameters associated with each result. Given a number of potential candidate models, a tighter search can be employed on a smaller range of the parameter space. At any time the parameters for a specific candidate model may be fed to an interactive tool for further finetuning. Figures 1 and 2 present several processed meshes that were randomly generated with our parameter space exploration tool.
Interactive Design
The second tool is an interactive application for finetuning a model's distribution and the algorithm's parameters in order to obtain a desired final processed mesh. The interactive program visually divides the design process into three parts. In the first part the contact distribution is designed, modified, and fine-tuned. This involves setting the number of elements in the individual bins of the histogram described in Section 4.4. Distributions may be normalized and saved for further explorations at a later time. The second part gives the user access to algorithm parameters. These parameters include mesh resolution, distribution frequency (coarse effects versus fine ones), and offsetting parameters, e.g. scale factors and displacement functions. The third part is the actual reconstruction, displacement and rendering. This stage occurs quickly, requiring only a few seconds to apply and display a new stochastic microgeometry displacement map; thus allowing the user to rapidly converge on a desired result. Figure 3 (Top) presents several screen-shot of our interactive tool while it is being used to design a specific stochastic displacement map.
Image-Based Acquisition
The radial contact distribution can be computed from a 2D image of a textured surface. Via a thresholding process the input image is first converted into a binary image of black and white regions. The white regions can be labeled as positive and the black as negative. The distribution generation process begins by zeroing a set of counters for each integer distance value of the histogram. A radial search is then performed at each pixel in the image until a pixel with the opposite color is found. The distance between these two pixels is computed. The unsigned distance value is negated if the original pixel is black. The counter corresponding to the distance value is incremented. Once this process is completed for all pixels, the values in every counter are divided by the total number of pixels in the image to produce the histogram for the radial contact distribution associated with the texture.
Implementation
Let n be the number of triangles in the mesh after subdivision has been performed. All of the initial meshing operations are O(n). The reconstruction considers in the worst case every point in the mesh for every distribution value, yielding a worst case cost of O(n). (The number of values in the distribution is assumed to be constant.) Because a propagation of constraint information must be performed when random placements are made, reconstruction has (worst case) time complexity of O(n 2 ). In practice, the behavior is much faster than quadratic (after the first few passes, the propagation affects only the local portion of the mesh) and behaves linearly. The final displacement mapping and other mesh operations are all linear in the number of triangles.
Our modeling tools were implemented in C++, perl and bash. For meshes with tens of thousands of triangles, the reconstruction code completes in a few seconds on a 900MHz SPARC Solaris workstation. The parameter space exploration tools are a collection of several programs and scripts. Typically, generation of each candidate model and associated image requires a few seconds on the same 900MHz SPARC Solaris workstation.
Results
We have processed numerous geometric models with our stochastic displacement mapping technique. For exploration purposes, 500 candidate models were generated by randomly sampling the parameter space of our algorithm (frequency values of the histogram, s, k, f (|x|) and u) for each input mesh. Selected images for six of the meshes are shown in Figures 1 and 2 . These images demonstrate the diversity of possible microgeometries produced by our technique. The processing loop consists of random parameter generation, reconstruction, mesh visualization, and other background processing; the entire process takes on the order of a few seconds per model. The models have on the order of tens of thousands of triangles, with the largest ones having over a hundred thousand triangles.
The parameter values and contact distributions used to generate most of these results can be found in Table 1 and Figure 7 . The parameter "Scale Units" sets the scale for the model. The model is contained within a box with edge size 2(Scale Units). Once scaled, the distances in the object correspond to distances in the distribution. Displacement parameter k is the scale factor that controls the magnitude of a vertex offset in a particular region. The function f (x) influences the shape of the resulting displacements. In particular, the magnitude of the displacement is kf (|L|), where L is the label assigned to that vertex. "Direction" indicates whether vertices should be displaced inward or outward. Note that vertices with positive and negative labels have their own Displacement, Direction, and Function. A dash indicates that vertices with positive or negative labels are not displaced.
While the technique may not fully reconstruct the geometric properties of the input distribution on the surface of the model, this does not affect its ability to create realistic microgeometry. Further, the technique exhibits the desirable properties that would be obtained from a faithful reconstruction, such as the consistency of statistical properties across varied geometry.
The interactive environment has been employed to design numerous stochastic microgeometry displacement maps. One design session is presented in Figure 3 (Top). These are several screen shots that demonstrate how the displacement map changes as a user modifies the individual contact distribution values. Once a desired displacement map is defined, it may be repeatedly and stochastically applied to a single mesh in order to create numerous models that have similar overall appearance, but are all individually different, as seen in Figure 3 (Bottom). The same stochastic displacement map may also be applied to different models, as seen in Figure 4 .
Despite its many benefits and useful characteristics, our modeling technique does have limitations. The contact distribution function is isotropic, which limits the type of structure it can represent. Thus, this technique cannot currently be used to recreate anisotropic textures and microstructures, but can be extended with other distribution functions to do so. Further, designing with distributions is not particularly intuitive, requiring some practice and learning in order to generate specific results.
Conclusion
Combining stochastic geometry with displacement mapping creates a technique for producing complex surface microgeometry that is both visually appealing and realistic. It provides a powerful and effective means for generating a diverse set of surface models by stochastically defining offset values on triangular meshes in statistically-consistent patterns. The approach illustrates the ability of stochastic geometry to supplement existing texture mapping techniques for computer graphics modeling applications. . The radial contact distribution is based on the probability that a random point is a particular distance to a positive region (blue) and the negative region (red). Since we are taking measurements on complex surfaces, we utilize geodesic distances during this calculation. 
